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Abstract 
Conventionally, the design of water conveyance and distribution systems is based on the assumption that all the involved parameters 
are known a priori and remain unaltered throughout the life cycle of the system. This type of approach offers simplicity in the 
calculations by neglecting a variety of uncertainties which accompany the parameters and processes involved. However, significant 
uncertainties do appear during the analysis and design of these systems, such as the equivalent pipe roughness and the actual 
internal diameters of the pipes. Furthermore, the demands at the nodes of the system are dependent on several ambiguous 
assumptions which are not always met at the operation stage. To deal with these uncertainties, several mathematical data demanding 
approaches have been proposed in the past. In this study these uncertainties are incorporated in the analysis of the system, using 
the extension principle of the fuzzy sets and a new operation of the fuzzy subtraction. Based on the calculation of head losses for 
each branch of the system, the nodal heads are derived as fuzzy numbers. The proposed methodology, being a low data demand 
methodology, is illustrated by a numerical example of a water conveyance system. 
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1. Introduction and basic notions 
Water conveyance and distribution systems are in most of the cases branched pipe systems. During the design stage 
it is customary to analyse the system based on the assumption that all the involved parameters are known or can be 
calculated before the analysis and the design stage, whereas the values of these parameters remain unchanged 
throughout the life cycle of the system. 
However, most of the involved parameters are accompanied by uncertainties which cannot be neglected at the 
design stage. Among the parameters of each branch exhibiting uncertainty are the pipe roughness, the internal pipe 
diameter and the required water flow through the system ([1],[2]). 
A number of methodologies dealing with the uncertainties of these parameters exist in the related literature 
([3],[4],[5]). The methods presented in [4] and [5] are restricted to small distances from the mean since they are based 
on the development of Taylor series around the mean values. 
This paper is dealing with all these uncertainties using an innovative "low data demand" methodology based on the 
fuzzy sets and logic. In addition, the proposed methodology can cover a wider range of values around the mean values. 
Before presenting the proposed methodology, it is wise to briefly mention some of the most basic principles of the 
analysis of the branched water conveyance and distribution systems. 
In the case of a branched pipe water system, since the flow at each branch can be considered known, the head at 
each node, H, can be determined directly by calculating and subtracting the head losses of the previous branch. 
 
Nomenclature 
AD  Į-cut of the fuzzy set A 
D internal diameter of a pipe (m) 
H hydraulic head (m) 
hf head losses (m) 
k  pipe roughness coefficient (m) 
L length of the branch (m) 
n node 
Q  flow at pipes (m3/s) 
q outflow at the node (m3/s) 
ȝ membership function of a fuzzy set (dimensionless) 
Ȟ  kinematic viscosity of water (m2/s) 
 
Let, the nodes i, n, and j be three consecutive nodes of the main branch of a system moving from upstream to 
downstream. The flow downstream of the node n, ,njQ is equal to: 
 nj in nQ Q q   (1) 
where nq is the outflow at the node n. 
The head at the node n is equal to: 
0
0
n f
n
H H h
o
  ¦  (2) 
where H0 is the initial head (e.g. the elevation of the free water surface in a tank) and Ȉhf  is the sum of head losses 
calculated by equations such as the head loss equation of Darcy-Weisbach. 
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2. Fuzzy analyis 
A fuzzy number is a fuzzy set satisfying the properties of convexity and normality. It is defined in the axis of real 
numbers and its membership function is a piecewise continuous function. A simple fuzzy number for representing the 
water demand at the node n is the fuzzy triangular number [2]. 
An extension of a triangular fuzzy number is the LR fuzzy number with membership function of a non-linear shape 
[6]. A fuzzy number is of LR-type if there exist functions L (for left) and R (for right)with: 
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where L and R two non decreasing shape functions  which satisfy the following equations: 
> @ > @ > @ > @L : 0,1 0,1 : R 0,1 0,1
L(0) R(0) 0, L(1) R(1) 1
o NDL o
    
 (3) 
The D-cut set of the fuzzy number A (with 0 <D  1), is the key idea to move from the fuzzy to the crisp sets and 
it is defined as follows [7, 8]: 
^ `( ) , . t  AA x x xD P D   (4) 
One can notice that the D-cut set is a crisp set determined from the fuzzy set according to a selected value of the 
membership function, and reciprocally, a fuzzy set can be derived from a significant number of D-cut sets. 
In case of a fuzzy triangular number, the D-cut is: 
 L RĮ Į, ,A A AD   or equivalently: 
       1 , 1 . ª º        ¬ ¼A A A A A A AD D D  (5) 
The crisp set including all the elements with non-zero membership function is the 0-strongcut (or the support of 
the fuzzy set A) which is defined as follows [9]: 
^ `0 ( ) 0, .  !  AA x x xP   (6) 
The following symbols are used for the zero-cut: 
 0 , .   A A A   (7) 
343 George Tsakiris and Mike Spiliotis /  Procedia Engineering  162 ( 2016 )  340 – 348 
For a triangular fuzzy number, it is sufficient to know only the left and the right hand boundary of its strong cut for 
describing its membership function. The crisp subset of X described by the 0-cut of a fuzzy set$  is the support of$
. 
We can now extend the operation of the usual crisp functions, in case that the inputs are fuzzy sets, based on the 
extension principle which is briefly presented below. 
Let X be a Cartesian product of universe 1 2 ... nX X X X u u u  and 1 2, ,..., nA A A   be defined in the universe sets
1 2, ,..., nX X X , respectively. Let  f  be a (crisp) mapping from X to a universe Y,  1 2, ,..., ny f x x x . The mapping  f 
for these particular input sets can now be defined as      ^ `1 2 1 2, ( ) , ,..., , , ,...,n nB y y y f x x x x x x X%P   , in which 
the membership function of the image %  can be defined ([8],[10]) by: 
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 (8) 
where f-1 is the inverse image of  f. 
The implementation of this principle, known as extension principle, gives the opportunity to use a crisp function 
in which the variables are fuzzy numbers ([10],[11]). 
In most cases, it is preferable to use D-cuts in fuzzy analysis. If f is a continuous function in the extension principle 
the use of D-cuts can be also extended by determining the D-cuts of the function f, as follows ([9],[12]): 
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 (9) 
From the theorem of global existence for maxima and minima of functions with many variables, it is known that if 
the domain of a real function is closed and bounded and the real function is continuous, then the function will have its 
absolute minimum and maximum values at some points in the domain ([10], [13]). Based on this theorem, it is evident 
that the Į-cut for any real continuous function with real variables in this domain can be determined, in case that fuzzy 
triangular numbers appear as inputs. 
3. Fuzzy arithmetic and a new fuzzy algebra 
The arithmetic operations between fuzzy sets are defined by the means of the extension principle. However, in 
practice, since each fuzzy set and consequently each fuzzy number can be fully and uniquely represented by its Į-cuts, 
the latter are closed intervals of real numbers for all the Į-cuts. Therefore we can apply the arithmetic operations on 
fuzzy numbers, in terms of arithmetic operations on their Į-cuts ([11], [14]). ȉhe key property of the above 
methodology is as follows: 
Let ǹ, Ǻ  denote fuzzy numbers and let  * denotes  any of the four basic arithmetic operations. Then, a fuzzy set  
,  ǹ*Ǻ can be defined by determining its Į-cuts as[7]: 
  > @0 1a a* * , .D$ %  $ % D      (10) 
Between the binary arithmetic operations between the Į-cuts, the interval arithmetic is applied. Here, from the 
fuzzy algebra we use the addition and the subtraction operations. Finally, in conjunction with the fuzzy decomposition 
theorem the following equation holds for all the fuzzy sets of the fuzzy operation: 
 * *D$ %   $ %  (11) 
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in which by * means any algebraic operation.  
In case that the quantities of the problem are in the form of LR fuzzy numbers, based on the previous analysis, it 
can be easily proved that (e.g. [6], [8]): 
 1 2 3 1 2 3 LR 1 1 2 2 3 3 LRLRĮ ,  Į , (ȕ ,  ȕ , ) (Į +ȕ ,  Į +ȕ , )D  E  D E  (12) 
 1 2 3 1 2 3 LR 1 3 2 2 3 1 LRLRĮ ,  Į , (ȕ ,  ȕ , ) (Į -ȕ ,  Į -ȕ , )D  E  D E     (13) 
where the subscripts 1, 2, 3 indicate the left-hand boundary, the central value and the right-hand boundary of the 
LR fuzzy number, respectively. 
However, in some physical problems the standard fuzzy subtraction leads to ambiguous results with irrational large 
spread. In case of triangular fuzzy numbers, Gani proposed a modification of the standard fuzzy subtraction as follows 
[15]: 
 1 2 3 1 2 3 R 1 1 2 2 3 3 RRĮ ,  Į , - (ȕ ,  ȕ , ) (Į -ȕ ,  Į -ȕ , - )7 77D E  D E  
provided that:    3 1 3 1- 2 - 2D D E Et  (14) 
In this paper, we adopt this definition of Gani to calculate the flow of each branch of the water pipe system, moving 
from upstream to downstream direction. The total flow and the outflow at each pipe are selected to be fuzzy triangular 
number and hence, the flow at pipes will be also fuzzy triangular numbers. This method results in more realistic 
representation of the flow through the branches and mitigates the fuzziness of the flow and the head losses and the 
resulting nodal heads. 
4. Methodology 
The basic idea is that for every branch of the water conveyance system, we calculate the head losses based on the 
extension principle and thus, we take into account all the associated uncertainties. The effective internal diameter, the 
equivalent roughness and the discharge are considered as fuzzy triangular numbers based on the experience of the 
professionals. By taking into account all the Į-cuts of the parameters an optimization problem should be solved. 
Further according to the extension principle (selection of several Į-cuts), the membership function of the head losses 
can be determined. 
Another complication in the analysis is the manipulation of the fuzziness considering the flow at each branch. In 
the examined case, the application of the fuzzy arithmetic for the flow of each branch, leads to rather irrational results. 
To solve this problem, we suppose that the worst scenarios related to the water consumption at the nodes (or at the 
secondary branches) occur simultaneously. Therefore, considering the pessimistic scenario, we start from the upstream 
node which is a water source node (e.g. a tank) with the maximum flow. However, since the water consumption is 
concentrated at the node, passing from upstream to downstream, we use the maximum outflow at the current node and 
not the minimum flow as in the conventional fuzzy subtraction. The opposite, occurs in case of the optimistic scenario. 
Thus, we could use the new fuzzy subtraction of Gani, 2012[15] to calculate the flow at each branch: 
       , , , , , , , ,         o o o o o o o o o     n j n j n j i n i n i n n n n i n n i n n i n nTRTR TR TRQ Q Q Q Q Q q q q Q q Q q Q q
 (15) 
On the contrary, for the head losses the conventional fuzzy arithmetic is used: 
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, , , , ,,, , , , , , , ,o o o o o         o     f i n f i n f i n f i n f i nn n n i i i f i n i i iLR LR LR LRH H H H H H h h h H h H h H h  
 (16) 
As mentioned previously, the head losses at each branch are calculated based on the extension principle for a 
representative number of Į-cuts. Thus, the following equations are used to determine the bounds of each fuzzy cut 
and for each branch. In this study the Darcy-Weisbach equation for the calculation of head losses is adopted and the 
Swamee and Jain approximate equation ([16],[17]) for the estimation of the friction factor (instead of the Colebrook 
and White equation [18]): 
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                                                                                                                                                                               (17) 
In Eq. 17, Ȟ = kinematic viscosity of water (m2/s); kin = pipe roughness coefficient (m); Din= internal diameter of 
the branch in (m); Lin = length of the branch in (m). 
It should be clarified that the minor losses are included in the linear losses by following an indirect way according 
to the Greek experience, that is, by increasing the pipe roughness. 
Since the head losses of each branch have a non-linear mode, non-linear membership functions for the nodal heads 
are expected. 
5. Case study and discussion 
In this section, a simple urban water conveyance system with third-generation PE pipes is studied for illustrating 
the use of the proposed methodology (Figure 1). The diameter, the length and the flow of each branch are depicted in 
Table1. We assume that the fuzzy numbers representing the pipe roughness, the internal diameter and the required 
flow can be described as follows: (a) pipe roughness, k: 0.45, 0.50, 0.60 (mm), (b) internal diameter, D: D-4, D, D+2  
(mm), if  D > 200  (mm), D-2, D, D+1 (mm), if D  200 (mm), (c) required flow, Q: 0.95·Q, Q, 1.05·Q  (L/s). The 
first and the third values are the left-hand and the right hand boundary of the 0-cut, whilst the second value denotes 
the central value of each fuzzy set. Triangular fuzzy numbers are adopted for all the above parameters. 
In brief, the nodal heads can be calculated following the steps below:  
1. The fuzzy parameters (e.g. k, D) of the water conveyance system are expresses as fuzzy triangular numbers. In 
case of the fuzzy flow at the main branches of the water conveyance system, the authors apply the modified fuzzy 
subtraction [15] as explained above (Eq. 15, Fig. 2).  
2.The head losses through each branch are calculated individually based on the extension principle (Eq. 17) for a 
significant number of Į-cuts.  
3.Going from upstream to downstream and by following the water flow direction, the hydraulic head at each node 
is calculated based on the conventional fuzzy subtraction of Eq. 16. The results are shown in Fig. 3. 
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Fig. 1. The water conveyance system of the example 
Table 1. Data of the water conveyance system (central values) 
Main Branches Length, L(m) Internal Diameter, D (mm) Flow, Q (L/s) 
0-1 (A1) 1446.0 312.8 34.1 
1-2 (A3) 8445.7 312.8 33.32 
2-3 (A5) 3677.3 312.8 31.73 
3-4 (A8) 8666.4 277.6 27.83 
4-5 (A10) 3422.2 277.6 24.95 
5-6 (A12) 2136.0 246.8 23.28 
6-7 (A14) 3841.4 246.8 20.90 
7-8 (A16) 2929.6 220.4 15.17 
8-9 (A21) 5158.7 141.0 5.17 
9-10 (A23) 717.3 123.4 3.38 

Fig. 2. Flow at each branch, based on the proposed fuzzy subtraction 
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
Fig. 3. Head at each node (output of the proposed methodology) 

Fig. 4.Head at each node with uncertainty only on the pipe roughness. 
From the implementation, it was observed that by applying the proposed method for increased fuzziness of water 
flow e.g. higher than ± 5% of the initial flow, then the membership function of the head at the nodes loses its linear 
shape. 
It can be also concluded that the pipe roughness is a critical and sensitive parameter in relation to the fuzziness of 
the final results. To show the importance of the uncertainty of pipe roughness towards the fuzziness of the nodal heads, 
the nodal heads were calculated keeping only the uncertainty of the pipe roughness. The results of this calculation are 
presented in Fig. 4 for comparison purposes. 
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Finally, a critical point in this analysis is associated with the initially selected diameters. In case smaller diameters 
are selected and therefore high velocities are produced, the fuzziness of the final results is significantly increased. 
6. Concluding Remarks 
In this paper an innovative methodology for studying the uncertainty of the parameters involved in the analysis of 
water conveyance and distribution systems was presented. The proposed methodology is a low data demand 
methodology in comparison with the others found in the scientific literature (e.g. probabilistic methods). The proposed 
methodology does not use the linearization approach, whilst it can cover significant variability of the involved 
parameters. The methodology comprises the extension principle of fuzzy sets and new operations of fuzzy algebra. 
Based on the results, it can be concluded that the proposed methodology leads to useful results for the design of these 
systems, provided that the water velocities are kept at a  medium or low level. It is also concluded that the pipe 
roughness is a critical parameter in the analysis, imposing significant fuzziness in the produced head losses and nodal 
heads.  
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